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INTEGRALS IN AN INFINITE NUMBER OF DIMENSIONS. 

By P. J. Daniell. 

1. In a recent issue of the Annals of Mathematics* there appeared a 
paper by the author on "A General Form of Integral." In it a method was 
given whereby integrals could be defined for functions of general elements 
(p) which could theoretically be of any character. The author was then 
unable to give a definite example in which the elements (p) were points in 
a denumerably infinite number of dimensions. According to Hildebrandt,f 
a definite example, which does not reduce to an infinite series or to an 
integral over a finite number of dimensions, is still lacking. Even FrechetJ 
did not give any example which was sufficiently general. Since the publica- 
tion of his previous paper, the author has found two examples, and this is 
now an account of them. The first is a generalization of the Lebesgue 
integral in the interval (0 < x < 1); the second an infinitely multiple 
Stieltjes integral of positive type. The author hopes to publish soon a 
still wider generalization of the Stieltjes integral. 

For the purpose before us it is necessary to use certain properties 
of points and functions in a denumerable number of dimensions. Some of 
these properties are obtained by Fr6chet§ in his thesis to which reference 
will be made by means of notation F., p. 40, for example, referring to 
page 40. 

The elements (p) are points in a denumerable number of dimensions, 
that is to say, having a denumerable number of coordinates, 

V = ( X U X 2> ' ' ' X n> • • •)■ 

Frechet (F., p. 40) defines the "ecart" of two points p, p', to be 

( >\ _ I * 1 I I 1 I n n I 1 

KV, V ) - i + | Xl _^7] -I- • • • ■+■ n\ r+\~x~-lc7] + " "' 

and the class of points, for which this £cart is defined, he calls (E a ) . 

By F., p. 45, a function f(p) of elements p of class (E„) is said to be 
continuous, if lim/(p r ) = f(p), as the sequence [p r ] approaches p. 

Daniell's theory was based on a class of functions, T 0) satisfying the 
following requirements: Each function must be bounded, and the class 

* P. J. Daniell, Annals of Mathematics, vol. 19 (1918), p. 279. 

t T. H. Hildebrandt, Bulletin of the American Mathematical Society, vol. 24 (1917), p. 116. 
| M. Frechet, Bulletin de la Societe de France, vol. 43 (1915), p. 249. 
§ M. Frechet, Rendiconti di Circolo matematico di Palermo, vol. 22 (1906), pp. 1-74. 

281 



282 P. J. DANIELL. 

T is closed with respect to the operations (op. C) multiplication by a 
constant, (op. A) addition of two functions, and "logical addition and 
multiplication" of two functions. It simplifies the theory, if we notice 
that when T is closed with respect to (op. C) (op. A), then closure with 
respect to "logical addition and multiplication" is equivalent logically to 
closure with respect to (op. M), the operation of taking the modulus. 
For, on the one hand, 

l/l =/V0-/A0, 

and = X / belongs to T ; on the other hand, 

fvg = ftf + g+\f-g\], 

fAg = Kf + g-\f-g\]. 

We shall choose the class To to be the class of functions 

ftp) = ft*i, x h • ■ • x r ), 

which are functions of the finite number of variables, Xi, x,, • • • x r , (chosen 
from the variables, x u x 2 , • • • x n , • • •) and bounded and continuous in the 
domain considered, that is to say, in the first case, in the finite domain 
(0 < Xi < 1, • • • < x r < 1), and in the second case, for all finite values 
of Xi, Xj, ■ • •, x r . If / and g are two such functions, e. g., ftxt, • • •, x r ), 
g{x p , • ■ •, x t ), their sum will be a function of x it x h ,••• x r ,x v , ■ • • x t (where 
some of these variables may be identical) and f + g will be also bounded 
and continuous. The class T will evidently satisfy all the required closure 
conditions. 

2. Simple Integral. For any function 

ftp) =/(*.-, x h •■■,x r ) 
of class To we define 

1(f) = I •■ I ftx» ■ ■ • x r )dxidxj ■ ■ ■ dx r . 

Ja Jo 

This definition is possible since / is a continuous function of a finite number 
of variables. Then /( / ) is finite and satisfies the conditions, 

(C) 1 (cf) = cl(f), if c is any constant, 

(A) /(/i+/i)=/(/0+/(/t), 

(P) /(/ ) > 0, if ftp) > for all p. 

We need to give an extended proof for (L) only, namely, 

(L) If /i > / 2 > • • • > = lim/„ for every p, 

then 

lim /(/„) = 0. 
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In the first place, 

|/(/)| <max|/(p)|. 

In this case /(/») ^ max f„(p), or 

lim /(/„) < lim max/„(p). 

n=oo n— oo p 

The condition (L) will be satisfied if max/ n (p) approaches with 1/n. 
Assume that it does not, then we can find a k > 0, such that max/„(p) > k 
for all n. But f n (p) is continuous and therefore attains its maximum at 
least once (F., p. 45), or the set E„ of points such that/„(p) > k contains 
at least one point. Moreover, since f n +i(p) <f n (p) for all p, the set E n+i 
is contained in the set E„. The sets E„ are closed, for if {p T ) (r = 1, 2, • • •) 
is a sequence of points contained in E„, approaching p as a limit, then 

/nOr) > k, r = 1, 2, •••, 

/„(p) = lim/„(p r ) > &, 
or p belongs to i?„. 

The set (0 < x n < l)(n = 1, 2, • • •) is compact by F., p. 42, and it 
follows by F., p. 7, that there is at least one point common to every E n , 
that is to say, there is a point p, such that f n {p) > k for all n. This is 
contrary to the hypothesis, that lim f n (p) = for all p. Then our assump- 
tion must be incorrect, or 

lim max f n (p) = 0, 

n p 

and thus (L) is proved. Our integral satisfies all the required conditions 
for functions of class T . We can then extend it to all summable functions 
according to the methods laid down by Daniell (1. c). In particular, any 
function which can be obtained from functions of class T by successive 
operations such as multiplication by constants, addition, forming the modu- 
lus and taking the limit of a sequence of functions bounded in their set, 
will be summable. For if K is any constant, <p(p) = K is a member of 
class T , and summable; and we make use of Daniell, theorems (7-2, 7-3, 
7-4,7-7). 

For example any continuous function is summable. For (1) it is bounded 
(F., p. 45) or a finite K can be found such that \f(p) \ < K for all p; (2) 
it is the limit of a sequence of functions of class T , bounded in their set. 

If p = (xi, Xi, • • • x n , Xn+i, ■ ■ ■), consider the function 

fn(p) = f(Xl, X 2 , • ■ ■ X n , 0, 0, • • •)• 

This function is of class T Q and \f n (p) \ ^ K, for all n and p. 
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If 

Pn = {%1, X 2 , * - - X„, 0,0, ' • •)> 

fn(p) = f(p n ) and the "ecart" 

/ -. __ 1 __ I fln+ l | . 

KP,Pn) ~ (n+1)!1 + | Xn+1 |+--- 

approaches the limit with l/'n. Or, since f(p) is continuous, 

f(p) = lim/(p„) = lim/„(p). 

3. Measure of a Set. Corresponding to any set of points, E, contained 
in the interval E , (0 < x n < l)(n = 1, 2, • • ■), we can define a function 
equal to 1 on E, and equal to otherwise. We define the measure of a set 
as the integral of this corresponding function (if it is summable). This 
measure will be non-negative, additive, and bounded. It is convenient to 
introduce a symbol "I" to denote either of the inequalities <, S, and in 
what follows, it does not necessarily denote the same throughout. The 
function corresponding to the interval, ailxilbi, • • •, a n lx n lb n , < x n +i < 1, 
< x n+2 < 1, • • • (where < Ci < &i < 1, • • • < a n < b n < 1), is a 
limit of functions, bounded in their set, belonging to class To, and the meas- 
ure of this interval is 

(6i — Oi)(6 2 — a 2 ) ••• (b n — a n ). 

If we are given a sequence of such intervals, the measure of the limiting 
interval 

diiXilbi, • ■ • a, n lx n lb n , a„_)_ite n -|-iM)„-|-i, • • • , 

is the limit of the infinite product, 

(&i - a0(&2 - a 2 ) • • • (b n - a n ) ■■■. 

Let u n = 1 — b n + a„, then < u„ < 1 and the product becomes 

(1 - Mi)(l - U 2 ) ■■ • (1 - U n ) ■■ ■. 

This infinite product converges if the series of non-negative terms 
Ui + u 2 + ■ • ■ + u n + • • • converges, and diverges to 0, if the series is 
divergent. In either case the interval is measurable. 
For example, the interval 

4(0£i,< l)(n = 1,2, •••), 

is measurable and has the measure 1, while the interval 

E t (0 ^Xn^l - e)(n = 1, 2, • • •)(« > 0), 

has the measure however small the positive e may be. It would seem 
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as if the intervals E, approach A as e approaches 0, leading to a contra- 
diction, but this is not the case. Consider the point 

r, — (I 3 7 15 . . .\ 

This point lies in A, but no e > can be found such that p lies in E,. 
In fact, A is rather the outer limiting set of all sets of the type 

(0 ^x n ^ 1 - e»)(» = 1>2, •••), 

and we can make the measure of this interval approach 1 as nearly as we 
please, by making the series Se„ convergent and its sum sufficiently small. 
Even in a triple integral, it is difficult to find examples, in which the 
integration can be performed analytically, if we disregard cases which 
reduce to simple integrals immediately. It is yet more difficult for an 
infinitely multiple integral. The following example is unsatisfactory be- 
cause it is obtained by an infinite series of simple integrals. Let A be a 
point contained in E 0) 

A = (oi, o 2 , • • •, o„, • • •)> 
then consider 

f(p) = ecart (p, A) = = ]*' - ai [ , + •••+-, . ' *? - g " ' ■ + • • •• 
y 1 + | Xi — ai I nil + \x n — a n \ 

7(/)willbe 

» 1 
e - 1 - E — , log (1 + On) (2 - a»). 

»=1 «! 

If A = (0,0, •••) or (1,1,1, -..), 

/(/) = (e-l)(l-log2). 

4. Multiple Stieltjes integral of positive type. Let j3i(£), fait), • • ■ be any 
denumerable set of functions of t, defined and nondecreasing from * = — co 
to t = + °° , and such that 

0»(- <*>) = limj8„(0 = 0, 



(=-00 



0„(+ oo) = lim/5»(0 = 1. 



«i+«0 



Lemma 1. Let B„(t)(t > 0) denote 



X-i-' 



#»(<) = /3«(0 - j8»(- SO. 

Given any e„ > 0, we can find M„ so that 

B n (M n ) > 1 - e„. 
For B„(0 = 1 - [1 - /3 n (0] - /5»(- 0, and 

lim [1 - 0„(/)] = 0, lim /5„(- f) = 0. 
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Lemma 2. Denote B n (M„) by B n , then < B n < 1, and if Mi g M/, 

M>^M/, ...,3f r siilf/. 

£/£/ • • • 5/ - BiBj -Br^ (B/ - B t ) + (B/ - Bj) + ■ ■ ■ + (B/ - B r ). 

For 

Bi Bj • • • B T — BiBj • ■ • B r ' = (B/ — Bi)B/ • ■ • B r ' 

^ Bi — Bi, 

BiBj • • • B T — BiBjBh • • • B r ' = (B/ — Bj)BiBjJ ■ * • B r ' 

= B/ — Bj, 
and so on. 

5. Definition of integral. As before we choose the class T to be the class 
of functions of a finite number of variables («,-, • • •, x r ), bounded and con- 
tinuous for all finite values of these variables. We define 

1(f) = J • • • J /(*.-, *y, • • •, x r )dp(xi) ■ ■ ■ dp(x r ). 
This definition is possible since / is continuous and bounded, and 

0(Xi, Xj, ■ ■ ■ , X r ) = &{x,)P{Xj) • ■ ■ |3(£ r ) 

is a limited function of positive type, i. e., such that 

AiAj ■ • ■ Arfi(Xi, • • • , x r ) > 0. 

To justify the infinite limits we denote 

■■■ fdfcXi) ■ ■ ■ dfcXr) = /(/; Mi,--- Mr). 

Mi J-Mj J-M r 

Then, if M / S M t , - - - M r ' S M r> 

| /(/; M/, M/, - - ■ Mr') - /(/; M t , M y> • • • M r ) | 

^ max |/ 1 • [B/Bj' - - ■ B/ - BiBj ■ ■ ■ B r ] 

^ max J/ 1 • [(B/ - Bi) + • ■ ■ + (B r ' - B r )], 

by Lemma 2. Then by Lemma 1, given any e > 0, we can find Mi, Mj, 
• - ■ , M r so that for all M/ S Mi, - • ■ , M,' S M r , the last expression in a 
bracket is less than e. The integral, so defined, satisfies the conditions 

(C)(A)(P) and 

|/(/)|=imax|/(p)|. 

To prove that condition (L) is also satisfied, we know, in the first place, 
that given any set of positive numbers Mi, Mt, - - - M„, - - - , the domain 

\x n \<M n , (n = 1, 2, •••) 
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is a finite domain (F., p. 42) and is therefore compact. By the same 
method of reasoning as we employed before, we can prove that given any 
« > and any set of positive numbers M lt M 2 , • • • , M n , ■ ■ ■ , we can find q , 
so that 

/(/,; M u ■■■)<h (? ^ <7o). 

Choose the numbers M h M 2 , • • •, using lemma 1, so that, 

Bn(M„) > 1 - 3-"ij, (n = 1, 2, • • •)• 

Then if f q is a function of class T , and / g S 0, 

I(f*) ~ /(/«; Mi, M„ • • •) < niax/^p).,^- 1 + 3- 2 + • • •) 

< thmax/,(p), 

p . 

< \y\ maxfiip) -(q = 1, 2, 3, • • •)• 
Choose t; = « -f- max/i(p), then we can choose Mi, M 2 , • • •, so that for all q 

/</«) -*(/«; M^Jif,, •••) < K 

and then with this choice made we can find #0 so that 

/(/,; M X ,M 2 , ■■■) <h (s^So). 

Then combining these, given any e > we can find q , so that 

I(fa)<e («gft), 
or limit /( /„) = 0. 

As before, we can extend the definition to all continuous, bounded 
functions and to all functions obtained by a succession of operations of 
addition, multiplication by a constant, taking the modulus, and taking the 
limit of a sequence of functions bounded in their set. 

Example. Let 



M) = f e-" 2 dt, (n = 1, 2, •••); 

«/ — 00 

18,(00) = C* 'e-""dt = 1. 

«/ — GO 



then 

•»+O0 



If f(p) is any bounded continuous function in E a , the integral 

• • • I • • • /(*,i %i, ■•• x n , • ■ -)e * dxi ■ ■ ■ dx n ■ ■ ■ 
can be defined, and we may add the convention that when Sa;„ 2 is divergent, 

e ' =0. 
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If 

]8 n (0 =0, t < 0, 

= t, < t < 1, (n = 1, 2, • • •) 

= 1, t > 1, 

then this more general integral reduces to the case first considered. 

iVote. In finding an example of the simple integral in an infinite number 
of dimensions, the author desired to invent one which could readily be 
evaluated. For this reason it was somewhat unsatisfactory. But if we 
wish a genuine example and do not require its evaluation we may set up 
the integral, 

1(f) = I • • • I • • • f(p)dxidx 2 • • • dx„ ••■, 

Jo Jo 

where 

f(p) =[e- (p, A)]w 

(p, A) = ecart between p and a fixed point A. 

Rice Institute, 

Houston, Texas. 



